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Abstract: We obtain magnetic black-hole solutions in arbitrary n(> 4) even dimensions for an 
action given by the Einstein-Gauss-Bonnet-Maxwell-A pieces with the gauge-correction terms. 
This action arises in the low energy limit of heterotic string theory with constant dilaton and vanishing 
higher form fields. The spacetime is assumed to be a warped product x }C^~'^, where /C"~^ is 
a (n — 2) -dimensional Einstein space satisfying a condition on its Weyl tensor, originally considered 
by Dotti and Gleiser. Under a few reasonable assumptions, we establish the generalized Jebsen- 
Birkhoff theorem for the magnetic solution in the case where the orbit of the warp factor on /C"^^ 
is non-null. We prove that such magnetic solutions do not exist in odd dimensions. In contrast, in 
even dimensions, we obtain an explicit solution in the case where /C"~^ is a product manifold of 
(n — 2)/2 two-dimensional maximally symmetric spaces with the same constant warp factors. In this 
latter case, we show that the global structure of the spacetime sharply depends on the existence of the 
gauge-correction terms as well as the number of spacetime dimensions. 
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1. Introduction 



What is the description of a black hole in the quantum theory of gravity? The answer to this question 
is one of the ultimate goals of modern physics. String theory which is consistently formulated in 
higher dimensions is a promising candidate of a unified theory. In string theory, the extra dimensions 
are usually considered to be compactified, and as a result, the effect of string theory is negligible for 
large astrophysical black holes. However, in order to discuss the formation of tiny black holes in the 
upcoming Large Hadron Collider (LHC) or the final fate of an evaporating black hole by the Hawking 
radiation, the effect of string theory cannot be neglected. If the horizon size becomes comparable to 
the curvature radius of the compactified extra dimensions, the black hole effectively becomes higher- 
dimensional. Although the non-perturbative aspects of string theory have been intensively investi- 
gated in recent years focusing on the conjecture of anti-de Sitter(AdS)/conformal field theory(CFT) 
correspondence [[T]], the full description of a black hole in string theory is still far from complete. 

Another possible approach to study the string effect is to study black holes in the low-energy 
classical theory. Higher-dimensional general relativity is realized as the lowest order in the Regge 
slope expansion of strings. Then, it is known that the higher-curvature terms appear as the next 
stringy compensation. Among five types of string theories, there appears the so-called Gauss-Bonnet 
term in the heterotic string case ^ ^, which is a ghost-free and renormalizable combination of the 
quadratic curvature terms [Q]. The active study of the Gauss-Bonnet black holes has its roots in the 
discovery of the spherically symmetric vacuum Boulware-Deser- Wheeler solution [^, which is the 
counterpart of the Tangherlini solution in general relativity [^. However, in spite of the considerable 
progress in recent years on this subject, even the stationary axisymmetric rotating vacuum black-hole 
solution, namely the counterpart of the Myers-Perry solution in general relativity [0], has not been 
obtained yet. (See ^ for recent reviews.) 

Since gauge fields are fundamental in the standard model, black holes with gauge fields are also 
important from the viewpoint of string theory. The Gauss-Bonnet black-hole solution with Maxwell 
electric charge was obtained by Wiltshire [Q] and has been generalized to the topological case with 
a cosmological constant [ ]T0| , [11] , 12]. Indeed, in the low-energy limit of heterotic string theory, the 
higher-order correction terms appear also for the Maxwell gauge field [^]. Therefore, in order to 
study the semi-classical aspects of black holes, it is fair to consider not only the correction terms 
arising from the gravity side but also those related to the gauge field. This is one of the motivations 
of the present paper. Here we will be concerned with the Einstein equations supplemented by the 
Gauss-Bonnet term with a source provided by the Maxwell field with the gauge-correction terms. 
The motivation of considering such Lagrangian are multiple. Firstly, the electrically charged Gauss- 
Bonnet black holes with the higher F-terms is a current well-studied topic [13|, 14, 15]. In Ref. [14], 
the effects of the gauge-correction terms on the thermodynamical aspects of black holes have been 
fully investigated. In addition, the Lagrangian adopted in [ p4| ] is considered as an interesting model in 
the low-energy limit of heterotic string theory since it contains the Lagrangian in the low-energy limit 
of the ten-dimensional Eg x Eg or SO{32) heterotic string theory. To be more complete, the action 
considered in [|^] also arises in four dimensions from the corrections to the magnetically charged 
string black holes [16] by setting the dilaton to be constant. 
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In this paper, we are interested in magnetic black holes in arbitrary n(> 4) dimensions. As is 
well-known, the Maxwell electromagnetic field is a fundamental gauge field in physics which presents 
some attractive features in four dimensions. Among other things, the electro-magnetic 2-form duality 
as well as the conformal invariance of the Maxwell action are effective only in four dimensions. In 
higher dimensions, maybe because of the lack of these properties, the Maxwell field is not well tamed. 
As an appealing example to illustrate this fact, the higher-dimensional version of the Kerr-Newman 



solution has not been obtained in general relativity so far. (See [ 17] for discussions.) Another example 
is provided with the study of magnetic black holes. Indeed, even if some results are known [p^], the 
problem of finding such solutions even in the case of spacetimes locally x /C"~^ is still an open 
problem. (Here /C^"^ is a (n — 2) -dimensional Einstein space.) In this case, the difficulties may arise 
because the number of the magnetic components of the Faraday tensor (in contrast with the standard 
electric solution) grows with the spacetime dimensions. 

In general relativity, it is well-known that replacing the (n — 2) -dimensional space of positive 
constant curvature in the Schwarzschild-Tangherlini spacetime by any (n — 2) -dimensional Einstein 
space with positive curvature will still provide a solution of the vacuum Einstein equations. However, 
this is not the case in the presence of the Gauss-Bonnet term. The reason is that, unlike the Einstein 
tensor, the quadratic Gauss-Bonnet tensor contains the Riemann tensors explicitly, and hence it gives 
a more severe constraint on the (n — 2) -dimensional Einstein space. In the Boulware-Deser- Wheeler 
vacuum spacetime, /C"^"^ is maximally symmetric, namely a (n — 2) -dimensional space of positive 
constant curvature. Considering a (n — 2) -dimensional Einstein space for /C"^^ in Einstein-Gauss- 
Bonnet gravity, Dotti and Gleiser derived a consistency condition on the Weyl tensor on /C"~^ with 



the field equations and obtained an exact vacuum black-hole solution QIQQ. The effect of the Weyl 
tensor appears in the metric function and makes the spacetime geometry quite non-trivial. In this 
paper, we will consider the Dotti-Gleiser condition as an assumption in order to obtain magnetic 
black-hole solutions in the case where /C"^^ is an Einstein space. (Both static and dynamical aspects 
of Gauss-Bonnet black holes with this class of non-constant curvature horizons have been recently 
studied in [Q.) 

The plan of the paper is organized as follows. In the next section, we present the model and clearly 
state our assumptions. In section III, we obtain the unique possible form of the metric compatible with 
the magnetic field and we will prove the non-existence of the magnetic solutions in odd dimensions. 
We also derive explicit solutions in even dimensions. In the section IV, we discuss the properties of the 
solution and show that the black-hole configurations arise for a particular range of the parameters. In 
the section V, we summarize our results. Our basic notations follow [p]]. The conventions of curvature 
tensors are [Vp, Vcrjy^ = R^vpaV^ and R^y = R^^pu, where Vjy is the covariant derivative. The 
Minkowski metric is taken to be the mostly plus sign, and Roman indices run over all spacetime 
indices. We adopt the units in which only the n-dimensional gravitational constant G„ is retained. 

2. Einstein-Gauss-Bonnet-Maxwell-A system with gauge-correction terms 

In this section we consider the Einstein action supplemented by the cosmological constant and the 
Gauss-Bonnet term in arbitrary dimensions. The matter source is provided by the Maxwell action and 
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the gauge-corrections terms built up with the Faraday tensor. After deriving the field equations 
and explaining the origin of such an action, we will assume that the spacetime geometry is given by a 
warped product ^A'^ x /C"~^, where /C"^^ is a (n — 2) -dimensional Einstein space satisfying a certain 
condition presented below. 



2.1 Preliminaries 



In arbitrary dimensions n(> 4), we consider the following action 



'S'gravity 



-^iR-2A + aLGB) 



^matter = "4^/ det(<7^,)F^,F'^'^ 



(2.1) 
(2.2) 

(2.3) 



where Lgb '■= R — ^R^uR^^ + R^iupaR^'^^'^ is the Gauss-Bonnet Lagrangian and k„ := \/8ttG^, 
where G„ is n-dimensional gravitational constant. The Maxwell field strength, or the Faraday tensor, 
is given by F^,^ := d^j^Ay — dyA^j^ where A^^ is the vector potential. The parameters a, g, ci, and C2 
are real constants. 



The action ( |2.lD with n = 10 arises in the low-energy limit of heterotic string theory with constant 
dilaton. Indeed, in the low-energy limit of the ten-dimensional x or 5'0(32) heterotic string 
theory with a constant dilaton cjiQ and turning off the higher form fields, the following Lagrangian is 
realized [HII]: 



4^^ IS^fo 64 



{F^uF^' 



v\2 



iF^.F'^PFp^F^'' 



h :-- 



(2.4) 
(2.5) 



where the constant a' stands for the inverse string tension. The above Lagrangian is a particular case 
of the one considered here (2.1) with n = 10, A = 0, a = a' /i/8, ci = -3a'/ire?o/64(< 0), and 
C2 = — 4ci. 



The gravitational equations following from the variation of the action ( [2.1| ) read 



GP, + aH'^, + A6P, = ^iT'^,, 



R^ 



:9iiuR, 



H. 



2(rR 



111/ 



2R,,nR 



(2.6) 

(2.7) 
(2.8) 
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where the energy-momentum tensor T^,y is given by 



^ (f^pF/ - lof.uJ'^ +2ci Q^^^-F^ - iF^pFfT 



+ 2c2 Qff^.FApF^'^F^.F^^ - AF^pF^^F^rF^^ , (2.9) 
^ := (2.10) 

The Maxwell equation with the gauge-correction terms reads 

(^-^^'"' + SciJ^F'^" + 8c2F''PFp^F'"'^ = 0. (2.11) 

2.2 Ansatze 

Now we consider an Ansatz for the spacetime geometry such that the n-dimensional spacetime 
{M-^,gpu) is given by a warped product of an (n — 2) -dimensional Einstein space (i^'"~^,7jj) and 
a two-dimensional orbit spacetime {M'^,gab) under the isometrics of (i^"~^,7jj). Namely, the line 
element is given by 

gp,dx^'dx'' = gMdy'^dy^ + r\y)j,j{z)dz'dz^ , (2.12) 

where a, 6 = 0, 1 while i,j = 2, n — 1. Here r is a scalar on {M'^,gab) and 7jj is the metric on 
{K"'~'^,^ij) with its sectional curvature k = ±1,0. 
The (n — 2) -dimensional Einstein space satisfies 

(ra-2) (n-2) 

R ijki= C ijki + Kliklji- liiljk), (2.13) 

(n-2) 

where C ijki is the Weyl tensor. The superscript (n — 2) means that the geometrical quantity are 
defined on (i^"~^,7jj). Note that if the Weyl tensor is identically zero, (Er"~^,7y) is a space of 
constant curvature. The Riemann tensor is contracted to give 

(n-2) (n-2) 

R ij = k{n-3)-fij, R = A:(n-2)(n-3). (2.14) 
In this paper, we consider an Einstein space {K^^'^,^ij) satisfying the following condition 

(n-2) (n-2) 

C C jkim = e6'j, (2.15) 



where G is constant and non-negative since {K"-~'^,yij) is an Euclidean space. The condition (2.15) 
was originally introduced by Dotti and Gleiser for the compatibility with the Einstein-Gauss-Bonnet 
equations (2.6) with generic coupling constants and called the horizon condition |[T^]. (See [22| for 
the classification of the submanifold depending on the coupling constants.) Decomposed geometric 
tensors of this class of spacetime are presented in Appendix B in [20]. 
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Nontrivial examples of the Einstein space satisfying the horizon condition ( 2.15 ) are presented 
in [2^ 23, 2^. An example of the Einstein space satisfying the horizon condition that we will consider 
below is given by a product space of arbitrary number of two-dimensional spaces of constant curvature 

with the same warp factor. In this case, the constant is given by = 2(n — 3)(n — 4)fe^. (This 
is a particular case of the result shown in Appendix A in [pO|].) It is easy to see that if is flat, the 
resulting space {K"'^'^,jij) is nothing but a (n — 2) -dimensional flat space. Although the authors do 
not know concrete non-trivial examples of the Einstein space with non-zero for some sets of k and 
n (for k = with any n, for example), we also consider such cases in this paper. 

Since Qij is proportional to jij, the energy-momentum tensor must have the following form 



'-L 'jj^i/ doc dx 



Tab{y)dy^dy'+p{yy{y)jijdz'dz^, 



(2.16) 



where p{y) is a scalar function on {M'^,gab)- In analogy with the spacetime Ansatz ( 2.12 ), we look 
for an electromagnetic field of the form 



A^dxf = Aaiy)dy'' + Ai{z)dz\ 
which in turn implies that the Faraday tensor reads 

F^,ydx>' A dx" = Fab{y)dy'' A dy'' + Fij{z)dz' A dz^ . 



(2.17) 



(2.18) 



Here Fab{y) and Fij{z) are identified with the electric and magnetic components, respectively. For 
the magnetic component, we add the following assumption 



(2.19) 



where C is a constant. The origin of this condition lies in the fact that in the case without the gauge- 
correction terms this condition is not an input but rather a consequence of the field equations. Hence, 



it is reasonable to assume Eq. (2.19) in the presence of the gauge corrections. 



3. Magnetic solutions 

In this section, we obtain magnetic solutions under the assumptions presented in the previous section. 
We first determine the possible form of the metric in the next subsection, namely we establish a 
generalized version of the Jebsen-Birkhoff theorem. This can be performed without showing the 
existence of the non-trivial solution of the gauge-corrected Maxwell equation. The problem of the 
existence will be studied subsequently. 

3.1 The Jebsen-Birkhoff theorem 

In the vacuum case with = 0, the generalized Jebsen-Birkhoff theorem was shown under the 



assumption that {Dar){D'^r) 7^ in [Q, 25, 26], where Da is the covariant derivative on {M ,gab)- 



For the null case {Dar){D'^r) = [^], on the other hand, there are the Nariai-Bertotti-Robinson 



type solutions [ |28| ] as in the case with or without the Maxwell field in general relativity [ |29[ ] and in 
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the Einstein-Gauss-Bonnet gravity [g^, |0[ |T]]. In the case of 6 / 0, the generalized Jebsen-Birkhoff 
theorem for the vacuum case was shown in ||20|]. 

Here, we only consider the case where {Dar){D"'r) / 0, which in turn implies that the line 
element of the spacetime may be written as 



In this coordinate system, the Maxwell invariant scalar reads 



(3.1) 



(3.2) 



while the components of the energy-momentum tensor are given by 



1 

2^ 



(n-2)C72x / (n-2)C^ 



2r4 



2r4 



2Ft,F*^ + 



+ 2C2 ( -3(Ft.F*^)2 + 



j 



trF'n'' + 



2r8 

(n - 6)C^ 
2^^4 



5" 



6> 



1 



^ +2ci (^Ft.F*'^ + 



(n - 10)C^ 
2^4 



2FtrF''- + 



(n - 2)C2 



(3.3) 

(n-2)C2^ 



2r8 



(3.4) 



In the above expressions, we put both the electric component Fab and the magnetic component Fij . 
The purely electric case, i.e., Fij = 0, was fully studied in 

Hereafter we consider the purely magnetic case, i.e.. Fab = 0. Then, the energy-momentum 
tensor becomes 



n = 


' (n-2)C 






rrii 


{n-6)C 


j ~ 





(n-2)C2 {n - 2){{n - 2)ci + C2]C 



■41 



+ 



(n-6)C^ (n-10){(n-2)ci + C2}C" 



41 



+ 



(3.5) 
(3.6) 



The fact that T'*^ oc implies ^* ^ = ^'^^ = 0. The integrations of these constraints restrict the 
function g{t, r) to be independent of the variable t, i.e. g{t, r) = f{r). Subsequently, the combination 
— Q^\.) — K^(T*^ — T'^y.) = gives rise to two different possibilities, namely 5{t, r) = 5{t) or 

2(n — 3j(n — 4)a 

Let us first consider the latter case. Putting Eq. ( ^?7| ) in the left-hand side of the field equation 



(2.6), we obtain 



y h 



A + 
A + 



(n-l)(n-2) (n-2)ae 
2^^4 

(n — 6)a0 



8a(n-3)(n-4) 

(n- l)(n- 2) 
8a(n-3)(n-4) 



2r4 



(3.8) 
(3.9) 
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Hence, for C / 0, we obtain the following constraints on the constants of the problem: 



(n - 2)ci + C2 = 0, 



2g'^ae 8(n-3)(n-4)aA _ 

+ (n-l)(n-2) 



(3.10) 



with an arbitrary metric function (5(i,r). It is interesting to note that for C = and = 0, this 
solution reduces to the vacuum solution obtained in [^5|]. 

On the other hand, in the case of 6{t, r) = 6{t), we can set 6{t) = without loss of generality 



by redefining the time coordinate. Then, the metric ( |2.12| ) reduces to the following simple spacetime 
with only one unknown function /(r): 



-fir)dt^ + 



dr^ 

W) 



r^'^ijdz^dzK 



(3.11) 



The metric function /(r) is obtained by integrating the gravitational equations Q°'i, = k^T°-}j as 



/(r) = * + - IT 



I , . AaM 2a{KlC^ 



2g'^aQ) SKlaC'^{{n - 2)ci + cs} 



„n—l 



(n — b)g'^r^ 



{n - 9)r8 j ' 

(3.12) 

where M := 44M/[(n - 2)V^_2], a := (n - 3)(n - 4)a, A := 2A/[(n - l)(n - 2)], G := 
0/[(n — 3)(n — 4)], and M is a constant. In the asymptotically flat vacuum case (/c = 1, G = 0, 
C = 0, and A = with the upper sign in (3.12)), M gives the Amowitt-Deser-Misner (ADM) 



mass. We emphasize that Eq. ( p.lOD may be satisfied in this solution. Under the assumptions that 
{Dar){D"'r) / and the relation 



1 + 



i{n - 3)(n - 4)aA 
(n-l)(n-2) 



(3.13) 



the spacetime (3.11) with the metric function (3.12) is the unique form of the solution. 

Various comments can be made concerning this solution. Firstly, there are two branches of solu- 



tions corresponding to the sign in front of the square root in Eq. (3.12), stemming from the quadratic 
nature of the field equations. Only the solution with the upper sign, that we call the GR branch, has a 
general relativistic (GR) limit as a — )■ given by 



/(r) = k - Ar^ 



M 

>.n— 3 



2(n 



+ 



24C4{(n-2)ci+C2} 



in 



(3.14) 



(In contrast, there is only one branch of real solutions in the third- order Lovelock gravity [32].) 



Secondly, the metric function (3.12) reduces to the solutions obtained by Dotti and Gleiser [19| for 
C = 0, by Boulware and Deser, and independently by Wheeler [||] for 6 = 0, C = 0, = 1, and 
A = and by Lorenz-Petzold and independently by Cai for 6 = and C = [1^, 12]. Lastly, we 
see that the metric function (3.121) is not well-defined for C 7^ with n = 5 or n = 9. However, it 



is shown in the next subsection that there is no magnetic solution in odd dimensions, namely we have 
C = for odd n. 



-8- 



3.2 Non-existence in odd dimensions 



We have shown the possible form of the metric for the magnetic solution ( 3.12| ). This does not 



ensure that there exists a non-trivial magnetic components of the Faraday tensor satisfying Eqs. (2.1 1) 



and ( |2.19| ). Under the assumptions presented in the previous section, we prove the non-existence of 



magnetic solutions in any odd dimensions. The proof of this statement is given in [ 133| ] for a more 
general class of spacetimes but in order for the paper to be self-contained we present it here in a 
compact form. First we obtain det(Fjj) = in odd dimensions by the anti-symmetric nature of Fij, 
explicitly shown by det(Fjj) = det(Fjj) = det(— = (— l)"~^det(Fjj). Taking the determinant 



of Eq. (2.19), we obtain 



det(FiOdet(F,fc)det(7"^) = C^^''-^^ det{-fij) , 



(3.15) 



which gives (7 = for odd n. Combining the trace of Eq. (2.19), which is FijF^^ = (n — 2)C , 
together with the fact that is an Euclidean metric, we conclude Fij = in any odd dimensions. 



3.3 Exact magnetic solutions in even dimensions 

Next, we show that there exists a non-trivial magnetic solution in even dimensions. We first review the 
monopole-type magnetic solution in four dimensions. In this case, the Faraday tensor F^ydx^ f\dx'^ = 
Qmh{6)d6 A dcf) is the solution for any k, where we adopt the coordinates on {K'^,'yij) such that 
-iijdz'dz^ = de^ + h{efd(l?, where 



h{e) := < 



sin(6') for k = 1, 
1 for /c = 0, 

sinh(0) for k = —1. 



(3.16) 



)2 
'in- 



Note that in this case, the constant C is given by = Ql 

In higher dimensions, the existence problem of the magnetic solution is highly non-trivial even 
in general relativity without the gauge-correction terms except for A; = 1 with = where the 
magnetic solutions are ruled out. Indeed, for A; = 1 with © = 0, the manifold (K"~^,7jj) is maxi- 
mally symmetric with positive curvature. In the standard Maxwell case, Fij is a harmonic 2-form on 
{K"'~'^,^ij) since it satisfies DjF"^^ = 0, where Di is the covariant derivative on {K"-'"^ ,^ij). It is 
well-known that if the manifold {K^~'^,^ij) is compact and its second Betti number is zero, Fij = 
is satisfied. This is sufficient to prove the non-existence of magnetic solutions with k = 1 and = 



for n > 5 ||34|]. In the presence of the gauge-correction terms, this argument is no longer valid since 
the tensor Fij is not necessarily a harmonic 2-form. 

In what follows, we establish the existence of magnetic solutions with or without the gauge- 
correction terms for some special class of Einstein space by extending the standard four-dimensional 
monopole result in higher even dimensions. We consider the Einstein space given as the (n — 2)- 
dimensional product space of (n — 2)/2 two-dimensional spaces of constant curvature ET""^ w 
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K X • • • X K with the same constant warp factor. The metric on such {K^ , ^ij ) is given by 

(n-2)/2 



7ij 



n — 3 



diag(7aifei 



' Tl(n-2)/26{„_2)/2/' 



(3.17) 
(3.18) 



where a = 1,2,- •• ,(n — 2)/2, for which we have k = ±1,0 and G = 2(n — 3)(n — 4)/c^. As 
said before, the manifold {K^~'^ is maximally symmetric for A; = 0. Since a two-dimensional 
space of non-positive constant curvature can be compactified by certain identifications, the (n — 2)- 
dimensional Einstein space x • • • x can be also compactified. 

On the above Einstein space, it is easy to show that the following Faraday tensor satisfies the 
condition ([2. 19]): 



(n-2)/2 

(7=1 



(3.19) 



where = C^/(n — 3)^. This Faraday tensor satisfies the gauge-corrected Maxwell equation ( [2.1l| ) 
as shown below. 



The gauge-corrected Maxwell equation ( |2.11| ) can be written as 

1 



= d^ 



For our metric, we obtain 



det(5f^,,) 



9^ 



(3.20) 



^2(n-2) ("-2)/2 

n M^.) 



(n - 3) 

Hence, for [i = a, the gauge-corrected Maxwell equation gives 



o = a, 



„ri-2 



1 



F"'' + 'icxTF"'^ + 8c2F'"^FdfFf'' 



which is trivially satisfied for the magnetic case. For = a^, we obtain 

1 



Using the following expressions 



9' 



_pa„o„ + 8ci J'F"-"- + 8C2F° 



dafc 



J" 



(n-2)(n-3)^ 



(3.21) 

(3.22) 

(3.23) 

(3.24) 
(3.25) 



we show that inside the bracket in Eq. ( 3.23 ) is independent from z^" . Hence, Eq. ( 3.23 ) is also 
satisfied. 
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We finally close this section by briefly commenting about the existence of the dyonic solution, 
that is the solution with both electric and magnetic charges. Although it is difficult to obtain the 
explicit form of the metric function in the dyonic case with the gauge corrections, this task is render 
possible in the absence of these terms. The solution in this case is given by 

f 4dM 44dQg 2d(4C2-2g2a9) \ 

f[r)-k+ ^^yi^^l + AaA+ (n - 2)(n - 3)(72r2(«-2) + (n-5)g^r^ )' 

(3.26) 

and the non-zero electric component of the Faraday tensor is 

Ftr = (3.27) 
where Qe is a constant corresponding to the electric charge. 



4. Properties of the magnetic black holes with gauge corrections 



In this section, we analyze the properties of the magnetic solution (3.11) with Eq. (3.12). We first 
point out that the coupling constants of the gauge-correction terms ci and C2 appear in the metric 
function only through the combination (n — 2)ci + C2. This shows a sharp contrast with the electric 
case, in which they appear in the following more rigid form 2ci + C2 Q]. It is also appealing to 
note that in the purely magnetic case, the power of the potential of the Maxwell term as well as the 
gauge-correction term appearing in the metric is independent of the number of dimensions. This is 
clearly in contrast with the solution in the purely electric case. We note that, in the monopole type 
solution with the Yang-Mills field, the power of the matter term in the metric function is also constant 



forn > 6 [35]. 



4.1 Curvature singularities 



In the spacetime given by ( |3.12| ), there are at most two classes of curvature singularities. There is a 
curvature singularity localized at the center r = while the other is at r = r^,, where corresponds 
to the possible zero of the square-root piece of the metric function (3.12). Both at r = and r = rb, 
the Kretschmann invariant 



K 



+ 



2(n 



df\ 2(n 



2)(n-3) 



(4.1) 



blows up. The latter is called the branch singularity since two branches of solutions meet there. The 
branch singularity is a characteristic singularity in higher-curvature gravity located at a finite physical 
radius in general. As a direct consequence of the existence of branch singularity is that the domain 
of the radial coordinate r can not be extended from to oo. The appearance of the branch singularity 
sharply depends on the parameters of the solution, and the location r = is given by solving the 
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following algebraic equation -B(rb) = 0, where 



B{rb) := 1 + 4aA + + ^^-^-^ ^^^-^ . (4.2) 

b 



(n — 5)(72r^ (n — 9)r^ 



The physical domain of the radial coordinate r is given by B{r) > 0. 

Here we only consider the physically reasonable situations in which q > 0, 1 + AaA > 0, and 
Af > are satisfied. The first condition is imposed by string theory, while the second inequality 
ensures the existence of the maximally symmetric solution. The last condition means that the param- 
eter M which is assimilated to the mass is positive. With this respect, it is a non-trivial issue to see 
whether the parameter M can be identified as the mass of a black hole in the present case because 
the spacetime has a non-trivial boundary. However, in the vacuum case, M coincides with the well- 
defined quasi-local mass and satisfies the first law of the black-hole thermodynamics together with 



the Wald entropy [20|. For these reasons, we call M the mass parameter. Finally, it is simple to see 
that under the condition (n — 9)[(n — 2)ci + C2] < with a sufficiently large value of the magnetic 
constant C^, the solution is free from branch singularities. 

4.2 Asymptotic structure 

Let us next consider the asymptotic structure of our solution, that is the behavior for r — 00. For 
= 0, this spacetime is at least locally asymptotically flat or (anti-)de Sitter ((A)dS) for A = or 
A(<) > 0, respectively, in the sense that 

R'^%\r-,oo = A {5^6; - 6^^6'^^) , (4.3) 

A := -— (l =f Vl + AaA) . (4.4) 
2a V / 

In four dimensions, in which = 0, the magnetic term respects the fall-off conditions to the asymp- 
totically flat or AdS regions. Then, for = 1, M corresponds to the Amowitt-Deser-Misner (ADM) 
mass and to the Abbott-Deser (AD) mass in the asymptotically flat and AdS cases, respectively. In 
higher dimensions, on the other hand, the fall-off rate of the magnetic and the Weyl terms in the metric 
function is slower than the mass term. 

The contribution of the higher-order gauge corrections decays more rapidly for r — c« than the 
Maxwell term. On the other hand, the gauge-correction term dominates around the center r — in 
the generic case and its contribution is quite sensitive to the sign of {n — 2)ci + C2- In the general 



relativistic case ( 3.14 ), unlike in four dimensions, the magnetic term contributes as the attractive force 
in higher dimensions while the higher-order gauge corrections give the repulsive (attractive) force 
depending on the sign of the constant [(n — 2)ci + C2]/(n — 9). As a result, the global structure of the 
spacetime can be quite different from the standard Reissner-Nordstrom case. Finally, we close this 
section by stressing that through a fine-tuning between the parameters such as (n — 2)ci + C2 = 0, the 
gauge corrections do not appear in the metric. In addition, if the magnetic constant has a very precise 



value = 2g^aQ/K^, the metric function ( 3.12 ) is the same as the generalized Boulware-Deser- 
Wheeler solution. 
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4.3 Energy conditions 



In fact, the sign of (n — 2)ci + C2 is closely related to the energy condition. The energy-momentum 
tensor of our matter field has the diagonal form as T^y = diag {—fi,pj-,pt,pt,-")- The physical inter- 
pretations of /i, and pt are the energy density, radial pressure and tangential pressure, respectively. 
The weak energy condition (WEC) implies fJ, > 0, pr + > 0, and pt + fJ- > 0, while the dominant 
energy condition (DEC) implies /i > 0, — /i < Pr < fJ-, and — ^ < Pt < ^- The null energy condition 



(NEC) implies + > 0, and pt + ^ > |37|]. Note that DEC implies WEC and WEC imphes 
NEC. 



For our matter field, the corresponding energy density, radial pressure, and the tangential pressure 



are 



(n - 2)C^ (n - 2)C^{(n - 2)ci + cs} 
n - 2)C ^ , (n - 2)C^{{n - 2)ci + cs} 



j n - 6)C ^ ^ (n- 10)C4{(n-2)ci + C2} 



Pi = — 7-2zr- + 



from which we obtain 

^ + = 0, 

_ (n - 2)C^ _ 2(ra-2)C^{(ra-2)ci +C2} 
8C4{(n-2)ci + C2} 

/^ + ^'t = ^ 7s ' 

_ (n - 4)C2 2{n - 6)C^{(n - 2)ci + C2} 

Hence, it is clear that if (n — 2)ci + C2 < 0, the DEC is satisfied for any positive r while if (n — 
2)ci -I- C2 > 0, the NEC is violated near r = 0. 



4.4 Black hole configurations 

Now we clarify the parameter region where the solution represents a black hole. A Killing horizon 
is given by r = rh such that /(rh) = 0. An outer Killing horizon is defined by f{rh) = with 
df /dr{rh) > 0. On the other hand, an inner and degenerate Killing horizons are characterized by 
df /dr{rh) < and df /dr{r\^) = 0, respectively. A black hole is defined by an event horizon, which 
is an outermost outer Killing horizon if there exists null infinity. Notice that an outermost degenerate 
Killing horizon with d'^ f / dr"^ {r^y) > may also be an event horizon. 

For this purpose, the M-rt diagram is quite useful. (See [^] for the analysis with or without 
the Maxwell electric charge in the case of the maximally symmetric horizon.) The M-r\^ relation is 
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obtained from the equation /(rh) = as 

M - A.-i ^ hr^-^ [4g^-2g^d{(n-5)fc^ + 9}] 5 2K^Cn(n - 2)ci + C2} 9 
M _ -Ar, +/erj^ 2(n - %2 ^ + ^^9 ' 

=: Mh(rh). (4.5) 
On the other hand, the M-r^ relation is obtained from B{r-^) = as 



4a ^ 2(n-5)52 b ^ (n - 9) ' 

=: Mb(rb). (4.6) 

We calculate 

4a 

and hence Mh > -^b is satisfied for a > with equality holding at r = as well as for = — 2aA; 
as long as ak < 0. 

The number of horizons and the existence of the branch singularity for the given mass M are 
totally understood by the functional forms of Mh(r) and M\^{r), respectively. However, the shape of 
the two curves M = Mh(r) and M = Mh{r) depends on the parameters in a complicated manner 
and it is almost hopeless to provide a complete classification. However, since this work is motivated 
by the low-energy action of string theory (2^), we focus our attention on the case with a > 0, A = 0, 
(n — 2)ci + C2 < and with k = 1 (and hence 9 = 2(n — 3)(n — 4)). In this case, the previous 
expressions reduce to 

»> / \ n-3 9^ ~ 2(n - 3)a „_5 2q^(f g 
2{n — 5) n — 9 

MUr) = --L.-' - ^.r"-^ - ^r"-', (4^9) 

4a 2{n — 5) n — 9 

,2 4^, _/{(n-2).i+c.)^ 

For later purpose, let us compute the first and second derivatives: 

^ = (n - 3)r"-^ - l'-''(^-^)^,n-, _ 2qU\n-io^ 

^ = {n-mn- 4)r-^ - " 6)[g^ " ^(n - 3)a] ^.,, _ ^ _ io),4rfV-i\(4.12) 
ar^ 2 

dr 4d 2 ^ ' 

^ = J-^)(-^),n-s _ (n-6)[,^-4d]^,., _ _ io)^4,.,„-n. (4_i4) 

We will see that the existence or absence of the horizon depends on the parameters. The solution 
with horizons belongs the GR branch because /(r) > is satisfied and there is no horizon in the 
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non-GR branch for a > with k = 1. For a > with k = 1, the branch singularity is in the 
untrapped region defined by /(r) > 0. The asymptotic region r — )• oo is in the untrapped region since 
limj._j.oo f{r) = l is satisfied for = 1 and A = in the GR branch. 

In order to clarify the effects of the higher-order correction terms, we will study four cases sep- 
arately in the following subsections. There we adopt the unit such that q = 1 for a > 0. For 
(n — 2)ci + C2 7^ 0, we adopt the unit in addition such that d? = 1. 

4.4.1 General relativity without gauge corrections 

First we consider the simplest case, namely the general relativistic case without gauge corrections. 
The M-rh diagram given by Eq. with a = d = Oh qualitatively different between n = 4 and 
n > 6. Also, it is different between = and / for each n. (See Fig. [!}) 




(a) (b) 



Figure 1: The function M — Mh (r) in the positive-curvature case without a cosmological constant and gauge 
corrections in general relativity (fc = 1, A = 0, a = 0, and (n — 2)ci + C2 = 0). The parameter dependence on 
is shown for (a) n = 4 and (b) n = 6. A dashed curve corresponds to the case with = 0. The graph for 
n > 8 is qualitatively the same as n = 6. 



For n = 4, the situation is the same as the Schwarzschild or the Reissner-Nordstrom solution. 
For n > 6 with q'^ = 0, there is one outer horizon for M > 0, while there is no horizon for M < 0. 
For n > 6 with q'^ > 0, M = M\i{r) has one local minimum at M = Afcx(< 0). There is one outer 
horizon for M > 0, one outer and one inner horizons for > M > Mcx, one degenerate horizon for 
M = Mex, and no horizon for M < Mex- 

4.4.2 General relativity with gauge corrections 

Next we consider the effect of the gauge-correction terms in general relativity. The M-rh diagrams 
given by Eq. (4.8) with a = and = 1 are shown in Fig. For n = 4, the situation is qualitatively 
the same as the case without gauge corrections. For n > 6 with q^ = 0, there is one outer horizon 
for M > 0, while there is no horizon for M < 0. For n = 6, 8 with > 0, M = Mh(r) has 
one local minimum at M = Mcxi> 0). There are one outer and one inner horizons for M > Mex, 
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(c) (d) 



Figure 2: The function M = Afh(r) in the positive-curvature case without a cosmological constant in general 
relativity but with gauge corrections (/c = 1, A = 0, a = 0, and (n — 2)ci + C2 < 0). The parameter dependence 
on is shown for (a) n — A, (h) n ~ 6, (c) n = 8, and (d) n = 10. A dashed curve corresponds to the case 
with = 0. The graph for n > 12 is qualitatively the same as n = 10. 



one degenerate horizon for M = Mcx, and no horizon for M < Mex- For n > 10 with > 0, 
M = Mh(r) has one local minimum at M = Mcx{< 0). There is one outer horizon for M > 0, 
one outer and one inner horizons for > M > Mex. one degenerate horizon for M = Mex, and no 
horizon for M < Mex- 



4.4.3 Einstein-Gauss-Bonnet gravity without gauge corrections 

Now we consider the effect of the Gauss-Bonnet term for n > 6. The most drastic change is the 
existence of the branch singularity. In the presence of the branch singularity for given M, we only 
consider the domain of r connecting to the asymptotic region, namely rb < r < oo. 

We first consider the case without gauge corrections. The AZ-r^ and M-rt diagrams, given 
respectively by Eqs. (O) and (4^) with a = 1 and d? = 0, are shown in Fig. |[ The graphs are 



qualitatively the same for any n > 6. For < < 2(n— 3), M = Mh(r) is monotonically increasing 
from M = 0. For > 2(n - 3), M = Mh(^) has one local minimum at M = Mcx{h)(< 0) For 




(c) 



Figure 3: The functions M = Mh{r) and M = Mb(r) in the positive-curvature case without a cosmological 
constant and gauge corrections in Einstein-Gauss-Bonnet gravity (k — 1, a > 0, A — 0, and (n— 2)ci+C2 — 0). 
The parameter dependence on is shown for (a) n = 6, (b) n = 8, and (c) n = 10. A thin and a thick curves 
correspond to M = Afh(r) and M = Mb(r), respectively. The dashed curves correspond to the case with 
= 0. The physical domain of r is M > Mb and M = A/b is in the untrapped region. The graph for n > 12 
is qualitatively the same as n = 10. 



< < 4, M = Mb{r) has one local maximum at M = Mex{b) (> 0). For > 4, M = Mb(r) is 
monotonically decreasing from M = 0. 

Hence, for < < A, there is one outer horizon for M > Mex{h) no horizon for M < 
Mex(b)- For 4 < q"^ < 2(n — 3), there is one outer horizon for M > and no horizon for M < 0. 
For > 2(n — 3), there is one outer horizon for M > 0, one outer and one inner horizons for 
> M > Mgx(h) ' orie degenerate horizon for M = Mex{h) > rio horizon for M < Mex(h) ■ 

4.4.4 Einstein-Gauss-Bonnet gravity with gauge corrections 

We finally consider the case where both the Gauss-Bonnet and gauge-correction terms are present. 
The M-rh and Af-rb diagrams are given respectively by Eqs. (O) and ( p!^ with a = 1 and (f = 1 
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and the parameter dependence is rather compUcated. 

We first analyze the behavior of M = Mb with the help of its derivative Eq. ( ^.13 ). It is simple 
to see that an extremum exists if 

(g2 - 4)2 - 8(n - > 0. (4.15) 

However, the left-hand side of the above inequality can not be positive for n > 2 and hence there 
is no extremum and M = Mb is monotonic. Also, it is seen that limr_>oo -^b(^") = — oo and 
Wnir^oo ^hi^) = +00. Near r = 0, we obtain limr_s>oMb(r) = +c«, limr_>.o Mh(r) = +oo 
for n < 8, while limr_s>o Mb(r) = 0, limr-H>o J^IhiT) = forn > 10. 

The behavior of M = Mh can be better analyzed by its derivatives ( 4.1 1 ) and ( [4.12 ). Since 



the algebraic equation dM-^/dr = is essentially cubic for r^, it is difficult to provide a rigorous 
argument about the behavior of M = Mh- However, the numerical plots of M = M^ indicate that 
there is only one local minimum at M = Mex> where Mcx > and Mcx < are satisfied for n = 6, 8 
and n > 10, respectively. 

The M-rh and M-rb diagrams are shown in Fig. ^. In the case of = 0, the graphs are the same 
as the case without gauge corrections (Fig. || with = 0). For n = 6, 8, there are one outer and one 
inner horizons for M > M^x, one degenerate horizon for M = Mex> and no horizon for M < Mgx- 
For any M, there exists a branch singularity. For n = 10, there is one outer horizon for M > 0, 
one outer and one inner horizons for > M > Mcx> one degenerate horizon for M = Mex> and no 
horizon for M < Mex- The branch singularity exists for M < 0. 

5. Summary and discussions 

In the present paper, we have considered the n(> 4) -dimensional Einstein-Gauss-Bonnet equations 
in presence of a cosmological constant with a matter source given by the Maxwell action with the 
gauge-correction terms build up with the Faraday tensor. This action without a cosmological constant 
is realized in the low-energy limit of a class of string theories. We have assumed that the spacetime 
geometry is given by a warped product ^A'^ x /C""^, where /C"^^ is a (n — 2) -dimensional Einstein 
space satisfying a specific condition ( |2.15 ) and the orbit of the warp factor on /C"^^ is non-null. 



Under a few reasonable assumptions, we have established the generalized Jebsen-Birkhoff the- 
orem for the magnetic solution which fixes the metric function in a unique form. Using a simple 
geometric argument, we have established the non-existence of such magnetic solutions in any odd 
dimensions. In even dimensions, we have obtained magnetic solutions in the case where /C"^^ is a 
product manifold of (n — 2)/2 two-dimensional maximally symmetric spaces with the same constant 
warp factors. 

The coupling constants of the gauge-correction terms appear in the metric function in the form of 
(n — 2)ci + C2 and the gauge-correction term converges to zero rapidly for r — )• oo, while it dominates 
in the short distance for n < 8. We have clarified whether the solution represents a black hole or not 
depending on the parameters in the case of A; = 1, A = 0, a > 0, (n — 2)ci + C2 < 0, which is 
the most important case in direct relation with the string viewpoints. We have established that the 
existence of black hole configurations is not only tied to the existence of the gauge-correction terms. 
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(c) 



Figure 4: The functions M — Afh(?') and M — Mb(r) in the positive-curvature case without a cosmological 
constant in Einstein-Gauss-Bonnet gravity (fc = 1, a > 0, A = 0, and {n — 2)ci + C2 < 0). The parameter 
dependence on is shown for (a) n = 6, (h) n = 8, and (c) n = 10. A thin and a thick curves correspond 
to M = M\i{r) and M = Mb(r), respectively. The dashed curves correspond to the case with — 0. The 
physical domain of r is M > Mb and M = A/b is in the untrapped region. The graph for n > 12 is qualitatively 
the same as n = 10. 



but also to the number of spacetime dimensions. In the presence of the gauge-correction terms, the 
qualitative properties of the magnetic black hole is rather different if the even dimension n < 8 or if 
n > 10. This is not only because the power of the gauge-correction term in the metric function ( 3.12 ) 
becomes smaller than the mass term for n > 10, but also because the sign of the gauge-correction 
term is different forn < 8 and n > 10. 

As a future task, the black-hole thermodynamics of our magnetic black hole is important. In 
Einstein-Gauss-Bonnet gravity, this subject have been intensively investigated with or without the 
Maxwell electric charge in the case where /C"^^ is maximally symmetric. The effect of the Weyl term 
on the thermodynamical stability has been recently analyzed for the Dotti-Gleiser vacuum black hole 
by one of the authors [20]. However, the thermodynamical aspect of magnetic black holes in higher 
dimensions has not been studied yet even in the standard Maxwell case in general relativity. 

Another interesting problem would be to introduce a non-trivial dilaton since it naturally arises in 
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the low-energy limit of string theories. In this case, the existence of black-hole solutions will shed a 
new light on the semi-classical effects of string theory on black holes. These prospects presented here 
are left for possible future investigations. In the same spirit, we can also consider a general p-form 
coupled to a dilaton field as those that occur in standard supergravity theories. The advantage of these 
models is that the presence of the dilaton field permits to extend the notion of the electric-magnetic 
duahty, and hence the existence of magnetic solutions is tied to the electric solutions. 
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